In this paper, we are concerned with uniform superconvergence of Galerkin methods for singularly perturbed reaction-diffusion problems by using two Shishkin-type meshes. Based on an estimate of the error between spline interpolation of the exact solution and its numerical approximation, an interpolation post-processing technique is applied to the original numerical solution. This results in approximation exhibit superconvergence which is uniform in the weighted energy norm. Numerical examples are presented to demonstrate the effectiveness of the interpolation post-processing technique and to verify the theoretical results obtained in this paper.
Introduction
In this paper, we consider the singularly perturbed two-point boundary value problem of reaction-diffusion type. It is well-known that the solution of this problem exhibits singularities at the boundary layers where singularities depend upon perturbation parameters. When the problem is solved numerically, we must take this boundary layer behavior of the solution into account in order to produce an approximate solution with high-order convergence. Shishkin meshes are most commonly used meshes in numerical methods which include finite difference methods and finite element methods (see, e.g., [9, 10, 12, 13] and references cited therein). In [12, 13] , the finite element method on the standard Shishkin mesh (S-mesh) provided a numerical solution with convergence rate which is almost optimal uniformly in the weighted energy norm. Based on another Shishkin-type mesh, namely, the anisotropic mesh (A-mesh), Li [3] proved an optimal order of uniform convergence for high-order reaction-diffusion problems. One of the advantages of Shishkin-type meshes, broadly defined, is that they are piecewise equidistant meshes. This structure of Shishkin-type meshes can be exploited and we show in this paper that, when it is combined with the interpolation post-processing technique, uniform superconvergence of numerical solution can be obtained.
Therefore, the main purpose of this paper is to obtain uniform superconvergence in the weighted energy norm of the Galerkin method on S-mesh as well as on A-mesh for singularly 274 Y. CHEN AND M. HUANG perturbed reaction-diffusion problems. Previously, Zhang [14] investigated a superconvergence phenomena of a finite element solution obtained on a modified Shiskin mesh for the second-order singularly perturbed problems. The superconvergence estimate was given in a discrete weighted energy norm in which the L 2 norm of ∇(u − u h ) is replaced by a p-point Gaussian quadrature rule. In this paper, motivated by an estimate of the error between spline interpolation of the exact solution and its numerical approximation, which is commonly known as superclose, (see, e.g., [2, 4, 5] ), we will apply the interpolation post-processing technique to the numerical solution obtained by the Galerkin method. This generates a higher order approximation which gives rise to uniform superconvergence in the weighted energy norm. It will be shown that we may gain improvements in the order of convergence in the following way. For S-mesh, the rate of convergence in the weighted energy norm is enhanced from the optimal order of convergence up to a logarithmic factor and for A-mesh, the order of convergence improves by one from the optimal. We point out that the superclose property mentioned above plays a key role in establishing the superconvergence result presented in this paper. The idea of superclose property was used to obtain numerical solution of different operator equations. For one dimensional problem, we refer the reader to [3, 8, 12] and for two dimensional problems [6, 7] . Also, we point out that fact that the idea of the interpolation post-processing technique has been successfully used by several authors (see, [2, 4, 5] ). Finally, we note that our current work can be extended to two-dimensional reaction-diffusion problems as well as to other singularly perturbed problems. These topics will be discussed in the forthcoming papers.
This paper is organized as follows. In section 2, we describe the Galerkin method on S-mesh as well as on A-mesh for solving high-order reaction-diffusion problems. Section 3 is devoted to a study of application of the interpolation post-processing technique. The post-processing is applied to the original numerical solution of high-order reaction-diffusion problems. The uniform superconvergence of the post-processed solution on S-mesh as well as on A-mesh is subsequently obtained in the weighted energy norm. In section 4, we consider the second-order reaction-diffusion problem. The superclose property of the approximate solution in the weighted energy norm is derived by constructing a special interpolant. Based on this estimate, we use the interpolation post-processing technique to achieve the uniform superconvergence property of the numerical solution. Finally in section 5, two numerical examples are presented to confirm the theoretical results obtained in the previous sections.
High-order Reaction-Diffusion Problems
We introduce in this section the Galerkin method on S-mesh as well as on A-mesh for solving reaction-diffusion problems using Hermite splines. We begin with some notations. Set N := {1, 2, ...}, N 0 := {0, 1, ...} and Z n := {0, 1, ..., n − 1}. Let I := [0, 1] and T be a subinterval of I. We denote by (·, ·) T the inner product in L 2 (T ) and by · 0,T for the associated norm on L 2 (I). Let H k (T ), k ∈ N, be the Sobolev spaces on T with the norm · k,T defined by
, and the semi-norm | · | k,T defined by 
To describe the problem, we let m be a positive integer, let ∈ (0, 1] be a singular perturbation parameter, and let a j , j ∈ Z 2(m−1)+1 and f be sufficiently smooth functions defined on I. We introduce the differential operator L by
and consider the singularly perturbed two-point boundary value problem of reaction-diffusion type
We define the bilinear form A (·, ·) by
and the weighted energy norm · by
By integration by parts, problem (2.1) may be written in a variational form in which we seek
The solution of Eq. (2.2) is a weak solution of problem (2.1). To guarantee the coercivity of the bilinear form in the weighted energy norm, we need to make more assumptions on the coefficient functions. Specifically, we let m constants α i , i ∈ Z m satisfy for all x ∈ I,
and define the index set
We suppose that for any α j , j ∈ J − there is a composition
satisfying η m−1 > 0 and η k ≥ 0, for k ∈ J + \ {m − 1}, where
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Throughout the rest of this paper, condition (2.3) is always assumed. It is proved in [8] that there exist positive constants c 1 and c 2 such that for all v, w ∈ H m 0 ,
and
Hence, by the Lax-Milgram theorem, equation (2.2) has a unique solution. Moreover, the solution is sufficiently smooth and has the following decomposition (see, [9] )
where E, F and G satisfy for all i ∈ N 0 and x ∈ I,
with α := α m−1 . Note that G, E, F describe, respectively, the solution of the reduced problem and two boundary layers at endpoints 0, 1. Since the solution of equation (2.2) is sufficiently smooth, it is identical to the classic solution of problem (2.1). For this reason, we will not distinguish the weak solution from the classic solution.
When m = 1, we refer to (2.1) as being the second-order reaction-diffusion problem, which will be discussed in section 4. When m ≥ 2, problem (2.1) is regarded as the high-order reaction-diffusion problem. In the remainder of section 2 and throughout section 3, we always assume m ≥ 2.
We now describe the ideas of S-mesh and A-mesh for problem (2.1). Let N ∈ N. We divide the interval I into three subintervals
and ρ = ln N in the case of S-mesh, and ρ = | ln | in the case of A-mesh. Then, two Shishkin-
, with
Note that the Shishkin-type meshes are piecewise equidistant meshes with the transition points x N = σ and x 3N = 1 − σ. In this paper, it is sufficient to assume that
We next describe two finite-dimensional spaces of Hermite splines corresponding to the Shishkin-type meshes. For a positive integer q and a subinterval T of I, we denote by P q (T ) the space of polynomials of degree q − 1 on T . Associated with the Shishkin-type meshes, the spaces V h and V h,0 are defined, respectively, by
where
(I) by the Sobolev embedding theorem and the dimensions of V h and V h,0 are m(4N + 1) and m(4N − 1), respectively. We now define the interpolation operator
It is easily verified that the interpolation operator Q h is well defined. Notice also that the interpolation operator
It is known from [11] that there exists a positive constant c such that
Here and in what follows, constant c is used to denote the generic positive constant independent of and the mesh.
The Galerkin method on S-mesh or A-mesh for solving Eq. (2.2) is to seek
Again, by the Lax-Milgram theorem, Eq. (2.12) has a unique solution u h ∈ V h,0 . For notational convenience, we let λ = ln N in the case of S-mesh, or λ = 1 in the case of A-mesh throughout the rest of the paper. It is established in [3, 12] that there exist a positive integer N 0 and a positive constant c such that for all N > N 0 ,
where u is the exact solution of Eq. (2.2). The estimate (2.13) shows that the Galerkin method for Eq. (2.2) provides an almost optimal order of uniform convergence on S-mesh, and an optimal order of uniform convergence on A-mesh, in terms of the singular perturbation parameter .
Interpolation Post-Processing
In this section, we apply interpolation post-processing technique to the approximate solution u h and subsequently obtain an approximation which exhibits superconvergence uniformly in the weight energy norm. To prepare for the use of the technique, we first introduce an interpolation operator and study the property of this interpolation operator.
We first define the other two finite-dimensional spaces of Hermite splines corresponding to the Shishkin-type meshes described in the last section. For convenience, we shall assume that N > 0 is an even number, i.e., N = 2M with M being some positive integer. Let z i = x 2i and
Thus, for each of two meshes, the points 0 = z 0 < z 1 < · · · < z 2N = 1 form a new mesh of the interval I withh i := z i+1 − z i which is still a Shishkin-type mesh. Based on the new meshes, the space Uh is defined by
By the Sobolev embedding theorem, Uh ⊂ C m−1 (I) and the dimension of Uh is m(2N +1)+2N . The interpolation operator Ph from C m−1 (I) to Uh is defined by
It is easy to see that the interpolation operator Ph is well defined.
The following lemma shows the boundedness of the operator Ph on V h in the weighted energy norm. , we obtain that for any w ∈ H k (I) with m ≤ k ≤ 2m + 1,
Recall that the Shishkin-type meshes are piecewise equidistant. It follows from (3.4) that for 
Combining the results above, we conclude that
which yields the desired result.
In the next lemma, we establish an uniform convergence result for the interpolation projection Ph in the weighted energy norm. Proof. Recall that the solution u of problem (2.1) can be written as
where E, F and G satisfy the condition (2.7). Hence, we obtain
It is known from [12] 
Using (2.7) and following a standard argument yields that (see, [1, 12] )
Next, we estimate E − PhE . By (2.7), a direct computation shows that for j ∈ N 0 ,
Combining this and (3.4), we conclude that for m ≤ k ≤ 2m + 1,
Sinceh i ≤ 1/N for all i ∈ Z 2N , it follows from (2.7) and (3.8) that for m − 1 ≤ k ≤ 2m + 1,
Consequently, we have that for j ∈ Z k+1 ,
For S-mesh, we have σ = (m + 1)α −1 ln N . It follows from (3.11) and (3.13) that 
Similarly, for A-mesh, we have σ = (m + 1)α −1 | ln | and thus obtain
and for j ∈ Z m ,
The last inequality in (3.16) holds because
is also bounded on (0, 1] for each j ∈ Z m , we conclude from (3.14)-(3.17) that
Following a similar argument, we obtain
Combining this with (3.7), (3.11) and (3.18) proves the lemma.
Using the two lemmas above, we are now ready to prove the main result of this section, which gives the uniform superconvergence of the Galerkin method using Hermite splines for problem (2.1) in the weighted energy norm.
Theorem 3.1. Let u be the exact solution of problem (2.1), and let u h be the corresponding approximate solution determined by Eq. (2.12). Assume that Ph is the interpolation operator defined by (3.2). Then, for sufficiently large N , there exists a positive constant c independent of and N such that
Proof. Suppose that Q h is the interpolation operator defined in (2.10). We first show that for any v ∈ C m−1 (I),
By the definition of the interpolation operator Q h , we have
Recalling that z i = x 2i for i ∈ Z 2N +1 , we obtain
Using this with the definition of the interpolation operator Ph confirms (3.21). It follows from (3.21) that
Combining this with (2.14), (3.3) and (3.6), we conclude that
which completes the proof.
Second-order Reaction-Diffusion Problems
The superclose property (2.14) plays a key role in obtaining uniform superconvergence of the numerical solution in Theorem 3.1. This property is valid only for the Hermite spline interpolation of degree 2m − 1 applied to higher-order problem (2.1) with m > 1 (see, [3, 8, 12] ). We may not obtain the superclose property of the numerical solution for the spline interpolation of higher degree (see, [8] ). There is, however, an exception for the second-order problem. For this reason, in this section we investigate the superclose property of numerical solution of problem (2.1) with m = 1, i.e., the second-order reaction-diffusion problem, based on the Galerkin method using piecewise polynomials of degree no less than one. It will be seen that we may choose particular interpolation points, namely Gauss-Lobatto points, to construct the spline interpolation of higher degree which satisfies the superclose property. This, together with the application of the interpolation post-processing technique, leads to an approximation of the second-order problem which superconverges uniformly in the weighted energy norm.
Let r be a positive integer. In constructing S-mesh and A-mesh in this section, we take σ = (r + 1)α −1 ρ. Associated with the Shishkin-type meshes, we define the spaces S h and S h,0 , respectively, by
It is clear that S h ⊂ C(I) and S h,0 ⊂ C 0 (I) by the Sobolev embedding theorem and the dimensions of S h and S h,0 are 4rN + 1 and 4rN − 1, respectively. We now define a special interpolation operator R h from C(I) to S h by appropriately choosing the interpolation points. Specifically, we let x k = x k0 < x k1 < · · · < x kr = x k+1 be the r + 1 Gauss-Lobatto points in
, that is, x kj , j − 1 ∈ Z r−1 are the r − 1 zeros of the first derivative of the Legendre polynomial of degree r on I k . Let
It is known that φ kr can be written as the Legendre polynomial of degree r multiplied by a constant on I k . This implies for k ∈ Z 4N ,
Associated with the Gauss-Lobatto points, the interpolation operator R h :
, and (4.4a)
It is easy to verify that the interpolation operator R h is well defined. For v ∈ C r+2 (I k ) and w ∈ P r+1 (I k ), it follows from (4.3) that (see, [14] )
Also, it is known from [1, 12] 6) and for for v ∈ C k (I i ) with 1 ≤ k ≤ r + 1,
The Galerkin method on S-mesh or A-mesh for solving Eq. (2.2) with m = 1 is to seek u h ∈ S h,0 such that
By the Lax-Milgram theorem, Eq. (4.8) has a unique solution u h ∈ S h,0 . In the next theorem, an almost optimal (or optimal) order of uniform convergence is provided for the Galerkin method on S-mesh (or A-mesh) for solving equation (4.8) . In addition, the superclose property of the numerical solution is presented. and
Proof. Using (4.6) and following similar arguments on the high-order problem as those given in [3, 12] , the estimate (4.9) is obtained. Recall that u has a decomposition (2.6). To prove (4.10), we first give an estimate on A (E − R h E, v h ). By a similar argument as that in (3.14) and (3.15), it follows from (2.7), (3.10), (4.6) and (4.7) that for S-mesh,
Likewise, we obtain that for A-mesh,
From (4.11)-(4.14) we conclude that
Noting that the same argument applies to F and G, we thereby obtain
It follows from (2.2) and (4.8) that
Combining this with (2.5) and (4.16) gives the estimate (4.10).
We now turn to an investigation of uniform superconvergence of the numerical solution by employing the interpolation post-processing technique, as shown in section 3. We can take the same procedure as that in section 3 but make a slight modification on the interpolation operator. To this end, we first define the finite-dimensional space Wh by
It is easily seen that Wh ⊂ C(I) by the Sobolev embedding theorem. We denote by G i the set of r + 1 Gauss-Lobatto points in
It is easy to verify that the interpolation operator Th is well defined. Following similar arguments as those in Lemmas 3.1 and 3.2, we have that for v ∈ S h , Thv ≤ c v (4.19) and 
Proof. The result follows from the same argument used in Theorem 3.3.
Numerical Examples
In this section, we present two numerical examples to confirm the theoretical estimates obtained in the previous sections. Example 1. Consider the following fourth-order reaction-diffusion problem
where f is chosen such that
is the exact solution of (5.1). In this case, m = 2. To obtain the superclose property of the numerical solution and the superconvergence property of the post-processed solution, we employ the cubic Hermit spline to solve the problem, as described in the sections 2 and 3. The theoretical orders of uniform convergence (or superconvergence) for the Galerkin method on Smesh and that using the post-processing technique are 2 and 3, respectively, up to logarithmic factors. It can be seen from Table 5 .2 that the computed orders of convergence (or superconvergence) for the Galerkin method on A-mesh and that using the post-processing technique are consistent with the theoretical orders, which are 2 and 3, respectively. Example 2. In this example, we consider the second-order reaction-diffusion problem 
